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Abstract. Let C be a smooth connected projective curve of genus > 1 over 
an algebraically closed field k of characteristic p > 0, and c S k\Fp. Let Bunjv 
be the stack of rank vector bundles on C and £det the line bundle on Bunjv 
given by determinant of derived global sections. We construct an equivalence 
of derived categories of modules for certain localizations of twisted crystalline 
differential operator algebras ^^Bunjv.^J; ^ ^^'^ ■^Bunjv,£^^^'' • 

The first step of the argument is the same as that of [2] for the non-quantum 
case: based on the Azumaya property of crystalline differential operators, the 
equivalence is constructed as a twisted version of Fourier-Mukai transform on 
the Hitchin fibration. However, there are some new ingredients. Along the 
way we introduce a generalization of p-curvature for line bundles with non-fiat 
connections, and construct a Liouville vector field on the space of de Rham 
local systems on C. 



1. Introduction 

Fix an algebraic curve C and a reductive group G. The geometric Langlands 
correspondence (GLC) is a conjectural equivalence of derived categories between V- 
modules on the moduli space Bunc of G-bundles on C and quasi-coherent sheaves 
on the moduh space Lod-c of local systems for the Langlands dual group ^G. 
It has a classical (commutative) limit which amounts to the derived equivalence 
of Fourier-Mukai type between Hitchin fibrations for G and ^G. The latter is 
a fibration T* Bung — ^ over an affine space with generic fibers being abelian 
varieties (or a little more general commutative group stacks). 

In [2], a characteristic p version of GLC is established. Namely, the setup of 
crystalline (i. e. without divided powers) P-modules in positive characteristic is 
considered. In this setting, the category of I?-modules does not get far from its 
classical limit: it is described by a Gm-gerbe on the Frobenius twist of the cotangent 
bundle. So the GLC becomes a twisted version of its classical limit. Based on this 
reasoning, the GLC is constructed "generically" for the case of general linear group 
G — GLjv- 

In this paper, we apply the same technique to the quantum version of GLC. 
This deformation of GLC has the same classical limit, but now both sides are 
"quantized." So in characteristic p we get (generically) a twisted version of the 
same Fourier-Mukai transform. However, the proof that the twistings on both 
sides are interchanged by the Fourier-Mukai transform is more complicated than 
in the case of usual GLC, and contains several new ingredients. Also, we restrict to 
the case of irrational parameter c because there is a certain degeneration happening 
at rational c. 
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First, we need a description of the category of modules for a twisted differential 
operator (TDO) algebra. The center of a TDO was already described in [3], but 
the description of the corresponding gerbe presented here seems to be new. A 
convenient language for this turns out to be that of extended curvature — an invariant 
of a line bundle with a (not necessarily flat) connection taking values in a canonical 
coherent sheaf 3^ on the Frobenius twist of the variety. This is a generalization of the 
p-curvature of flat connections. Just as with the usual p-curvature, every section 
of 5" defines a gerbe whose splittings correspond to connections with that extended 
curvature. Now, if £ is a line bundle and c g k \ Fp then the gerbe describing P£c 
corresponds to c • ac where ac is the extended curvature of the puUback of C to the 
associated twisted cotangent, equipped with the canonical ("universal") connection. 

We then apply this to the determinant bundle on Bun whose corresponding 
twisted cotangent is identified with Loc. So, to construct the desired equivalence, we 
have to split a gerbe on the fiber product of dual p-Hitchin fibrations Loc — > .'^'■^K 
(Although for GL^ the p-Hitchin fibrations are the same, we use differently scaled 
projections to the Hitchin base.) This is done by constructing an explicit line 
bundle with connection on this fiber product. The problem then reduces to proving 
certain equality involving = ac for C being the determinant bundle on Bun, and 
the torsor structure on the p-Hitchin fibration. 

We prove this property for another section 6*0 of S^loc and then show that 9 ^ Oq. 
The section 6*0 is constructed from a vector field on Loc lifting the differential 
of the standard Gm-action on the Hitchin base. This vector field conies from an 
action of fiberwise dilations of T*C^-^^ on the gerbe describing 2?-modules. Such 
structure is not unique (it depends on the choice of lifting of C to the 2nd Witt 
vectors of k), however the corresponding vector fields all differ by Hamiltonian 
vector fields and give rise to the same Oq. 

This version of the text contains only a sketch of some of the arguments (and 
some proofs are missing) . A more detailed exposition will be presented in the next 
versions of the paper. 

1.1. Quantum geometric Langlands conjecture. Let C be a smooth irre- 
ducible projective curve of genus g > 1 over an algebraically closed field k of charac- 
teristic and G a reductive algebraic group. We denote by Buug = BunG(C) the 
moduli stack of G-bundles on C. The quantum geometric Langlands correspon- 
dence is a conjectural equivalence between certain derived categories of twisted 
I?-modules on Bun^ and Buulq where denotes the Langlands dual group. The 
twistings should correspond to invariant bilinear forms on the Lie algebras of G 
and that induce dual forms on the Cartan subalgebras (up to the shift by the 
critical level). When one of the forms tends to the other tends to infinity, which 
corresponds to degeneration of the TDO algebra into a commutative algebra of 
functions on a twisted cotangent bundle to Bung. This shows that the quantum 
geometric Langlands is a deformation of the classical geometric Langlands, which is 
an equivalence between the category of (certain) P-modules on Bun^ and the cat- 
egory of (certain) quasi-coherent sheaves on the stack Loclq of ^G-local systems 
on G. 

We will be interested in the case G = GL^r — the general linear group. In 
this case, we think of the quantum Langlands correspondence as the equivalence 
^^Buiiiv.zi^ ^-mod ~ ^Bunjv £-i/'^"™od whcrc Cdot is the determinant line bundle 
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on BuiiAT = BmiG = Buhlq given by (£dot)6 — detRr(C, £b) for any b G Bunjv 
where £b denotes the rank N vector bundle corresponding to b. (There is a subtle 
question of what kind of 2?-modules one should consider, but we'll ignore it for 
now.) 

1.2. The characteristic p case: classical story. In j2j, R. Bezrukavnikov and 
A. Braverman established a version of the classical geometric Langlands correspon- 
dence for "crystalline" 2?- modules over a field k of characteristic p > 0. Recall that, 
for a smooth scheme X over k, the sheaf Vx of crystalline differential operators is 
defined as the universal enveloping algebra of the Lie algebroid Tx of vector fields 
on X. The main tool for studying modules over such algebras is their Azumaya 
property (see ^). Namely, Vx turns out to be isomorphic to (the pushforward 
to X of) an Azumaya algebra Vx on T*X(^) — the cotangent bundle to the Frobe- 
nius twist of X. This allows one to identify the category of 2?- modules on X with 
the category of coherent sheaves on a Gm-gerbe on T*X^^\ 

This observation is generalized in [2] to the case of (a certain class of) al- 
gebraic stacks. Namely, for an irreducible smooth Artin stack '3^ over k with 
dimT*^^ = 2dim^^ (i. e. 3^ is good in the sense of [T]), they construct a sheaf 
of algebras on T*'3^'^^^ with properties similar to the Azumaya algebra Vx described 
above. The pushforward of Voj^ to '3^^'^^ is isomorphic to Frg^H, Va^ where Va^/ is 
the sheaf of differential operators as defined in [1]. Moreover, the restriction of Vay 
to the maximal open smooth Deligne-Mumford substack of T*'3^'^^^ is an Azumaya 
algebra. 

The stack Bun at is almost "good," namely, it locally looks like product of a good 
stack and So one can apply the above construction to = Bun at to get an 

Azumaya algebra on T* Bun^-* = Higgs^^-*. The latter stack is the total space of 
the Hitchin fibration x^^' : Higgs'-"'^-' — )■ ^^^^ whose generic fibers are Picard stacks 
of (spectral) curves. On the dual side, one has the "p-Hitchin" map Loc — ^'^^^ 
given by p-curvature. Generic fibers of this map are torsors over the same Picard 
stacks, and each point of such a torsor (which corresponds to G-local system on C 
with given spectral curve) gives a splitting of Pbuii on the corresponding fiber 
of x*^^-'. This splitting defines a Hecke eigensheaf corresponding to the local system. 
The geometric Langlands is thus realized as a twisted version of Fourier-Mukai 
transform. 

1.3. Quantum story. In this paper, the same ideas are applied to quantum geo- 
metric Langlands correspondence. To that end, we generalize the above Azumaya 
algebra construction to the case of twisted differential operators. The only TDO 
algebras we will encounter are of the form I?£c where £ is a line bundle and c G k 
(and external tensor products of such). In this case, the situation is essentially anal- 
ogous to the non- twisted case, except that the Azumaya algebra will now live on the 
twisted cotangent bundle, where the twisting is given by (c^ — c) times the Chern 
class of C'^^'^ (cf. [3J). We will only consider the case of irrational c (i. e. c ^ Fp): in 
this case one can identify this twisted cotangent bundle with the Frobenius twist 
of the space T'^X of 0-jets of connections on C. This is discussed in 12.31 

It is not hard to extend it to the stack case using the above-mentioned results 
from [2] for usual P-modules on stacks. Thus, for a line bundle £ on a good 
stack 'W ^ one gets an Azumaya algebra T>q>/ j^a on the smooth part of {T^'3^)^^\ 
(For a discussion of twisted cotangent bundles to stacks, see lA.ll ) 
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1.3.1. Main result. We apply this to the determinant bundle £dct on Bun. One 
can check (see Appendix |A| that the corresponding twisted cotangent is identified 
with the moduli space Loc^i/2 of rank N bundles on C endowed with an action 
of the TDO algebra 7)^1/2. In fact, we can identify Loc^i/2 with Loc by tensoring 
bundles with uj®(p~^')/^. Thus, both sides of the quantum Langlands are described 
(again, generically over the Hitchin base) by certain gerbes on (Loc^)^^). Here 
Loc" = Loc x^(i) (^'')(^) and C ^ is the open part parametrizing smooth 
spectral curves. Using the p- Hitchin map as above (this time to we see that 
these gerbes live on two torsors over the relative Picard stack mentioned above. 
So we get again two "twisted versions" of the derived category of coherent sheaves 
on this Picard stack. In contrast to the classical (non-quantum) case, however, we 
have both "torsor" and "gerby" twists on each side. These two kinds of twists are 
interchanged by Fourier-Mukai duality. 

In other words, we prove the following: 

Theorem 1. There is an equivalence between bounded derived categories of modules 
for Vc = %unX5„J(LocO)(i) andV_i/c = ^Bun,£^y" l(LocO)(i) • The corresponding 
kernel is a splitting of'Dc^'D°^^^^ ^ 'Dc^'Di/^ on the fiber product (Loc'^)'^) x^(2) 

(Loc'^)^"'^^ where the projection from the second factor to SS^'^^ is modified by the 
action of c^ G . // we choose, locally on ^'^^^ , a trivialization of the torsor 
Loc^^^ ^(2), then there are splittings ofT>c andV^i/c such that the equivalence is 
identified with the Fourier-Mukai transform on the Picard stack Pic(('^'^)^^-'/^'^^-'). 
(Here G T*C x SS'^ is the universal spectral curve.) 

Note that, although the underlying spaces of the torsors are the same on both 
sides (namely (Loc*^)^^-*), in order to make the duality work, one has to normalize 
the projection to differently. This can also be guessed by considering what 

happens at rational c (including c = 0, oo). 

1.3.2. Extended curvature. So, all we need to check is that the torsors with gerbes 
corresponding to and I'-i/c are interchanged by Fourier-Mukai duality. For 
that purpose we need a description of gerbes attached to TDO algebras. Recall 
that in the non-twisted case, the splittings of 2?x on an open subset U'^^^ C r*X(^) 
correspond to line bundles on V with flat connection of p-curvature equal to the 
canonical 1-form on T*X^^^ . 

To extend this description to the TDO case, we introduce a generalization of the 
notion of p-curvature to non-flat connections. For a line bundle £ with connection V 
on a smooth variety X, we define in 12.41 a section cufv(£, V) (called the extended 
curvature) of the quotient sheaf J'x of ft]^ by locally exact forms. This sheaf maps 
to rj^ via de Rham differential; this map carries curv(£, V) to the usual curvature. 
On the other hand, for flat connections, curv(£, V) is a section of closed modulo 
exact forms, which corresponds to the p-curvature of V under Cartier isomorphism. 
This construction also allows, starting from a section a € "Jx (such a section will 
sometimes be referred to as a generalized one-form), to define a Gm-gerbe on X^^^: 
its splittings correspond to line bundles with connection whose extended curvature 
is equal to a. 

Now, the pullback of any line bundle C to its associated twisted cotangent T^X 
acquires a canonical connection. If ac denotes the extended curvature of this 
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connection, the gerbe on (T^X)^^^ corresponding to the Azumaya algebra f^or 
c G k \ Fp is obtained from the above construction apphed to cac- 

1.3.3. The Poincare bundle. Then we construct an expHcit kernel of the equivalence 
(an analogue of the Poincare bundle). This is a line bundle with connection on the 
fiber product of two copies of Loc° over the Hitchin base (see formula ([T3| ). The 
construction is similar to that of Poincare bundle on the square of the Picard stack 
of a curve: 

Poincarc(/:, £') = dot Rr(/: ® £') ® (det Rr(/:) ® dct Rr(/:'))®"^- 

Namely, the determinant bundle on the Picard stack gets replaced by the deter- 
minant bundle on Loc'^ with "tautological" connection (the same one that is used 
to describe the gerbe on (Loc°)(^'), while the role of tensor product of line bundles 
is played by the addition map on the fibers of the p-Hitchin map: 

Loc° x^(i) LocJ? — 5- Loc°_,_^ . 

Here subscripts indicate scaling of the projection to the Hitchin base. The fiber 
of Loc° classifies splittings on the spectral curve of the gerbe corresponding to the 
canonical 1-form on T*C(i) multiplied by c. This map can then be thought of as 
"tensoring over the spectral curve." 

The main difficulty is then to check that this bundle with connection has the 
correct p-curvature. This reduces to a certain linear equality on the extended curva- 
tures (formula (|15|)). This formula can be interpreted as a kind of additivity of the 
generalized one- form c~^^ on Loc^ with respect to the addition maps above, where 9 
denotes the extended curvature of the tautological connection on the determinant 
bundle. 

1.3.4. Antiderivative of the symplectic form on Loc. In 13.11 we construct another 
generalized one-form 6q on Loc*^ (actually on the maximal smooth part of Loc) 
whose image in ft^ coincides with that of 6 (both are equal to the symplectic form 
on Loc'^) but whose behavior with respect to the p- Hitchin map is more controllable. 
We prove the additivity property for it, and then show that 9 — Oq. In fact, 6*0 
lifts to an actual antiderivative of the symplectic form. Such antiderivatives 
correspond bijectively to Liouville vector fields. We construct such a vector field 
using an equivariant structure of the gerbe on r*C'^^^ under the Euler vector field. 
Such structures correspond to liftings of C to the 2nd Witt vectors of k. Since 
9 — 9o is closed, it corresponds by Cartier to a 1-form /3o on (Loc")^^-' and we have 
to prove that it is 0. 

The definition of LoCc above makes sense for all c £ k; in particular, for c — 
it gives Loco = Higgs^"^^ On Higgs^^^ we have the canonical 1-form ^Higgs (^^ ^ 

cotangent bundle). We prove that both 9 and 9o are compatible with ^Higgs "^'^^^ 
respect to the action map 

LoCq X gg(i) Loc" — > Loc° . 

In the beginning of Section |3] we prove this for 9. It is enough to prove it on the 
image of the Abel-Jacobi map in Higgs, which in turn reduces to studying how 
the determinant bundle (with connection) on Loc° changes when we twist the local 
system by a point of its p-spectral curve. For 9o this property this is proved as part 
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of the additivity for ^o- (In fact, the additive family of l-forms on Loc° constructed 
in I3.1l speciahzes to for c = 1 and to ^Higgg for c — 0.) 

From this we conclude that (3q descends to the Hitchin base. On the other 
hand, in 13.21 we study the behavior of /3o with respect to the projection Loc — >■ 
Bun. First, by a degree estimate we show that the restriction to the fibers of this 
projection have constant coefficients. Then, a global argument shows that in fact 
this restriction must be 0. The fibers of the two projections Loc ^'^^ and 
Loc Bun are generically transversal (at least, we know how to prove this for one 
of the components of Loc assuming C is ordinary) , which gives the desired equality 
/3o = 0. 
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to him for various ideas, as well as support and patience in the course of working 
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Dennis Gaitsgory for fruitful discussions, Michael Finkelberg and Ivan Mirkovic for 
the interest in our work, and Alexander Beilinson for sharing some useful links. 
Finally, I appreciate the effort of many people who contributed to my successful 
study and life at MIT. 



Table of notation: 





k 


- an algebraically closed field of characteristic p > 




G 


- the general linear group GL(iV) 




C 


- a complete smooth algebraic curve over k 


B 


un 


- the moduli stack of G-bundles on C 




^ 


- the Hitchin base (the affine space 0^^^^ i?°(C, wg')) 


^° C 




- the open part classifying smooth spectral curves. 


Hig 


-gs 


- the total space of the Hitchin fibration, the moduli stack of Higgs 






bundles, Higgs = T* Bun 






- "universal spectral curve," C T*C x SS 



2. Generalities 

2.1. Frobenius morphisms and twists. For any scheme S of characteristic p 
(i. e. such that "pOs = 0) the absolute Frobenius Frg/i-^ : S* — >■ 5 is defined as ids on 
the topological space and Fr^^^p (/) — fP on functions. For any ^-scheme A ^ S* 
one constructs a commutative diagram 




where the square is Cartesian. We call the iS-scheme A''^' ~ — > S the relative 
Frobenius twist of A over 5, and call Fr^/s the relative Frobenius morphism. We 
will denote by the pullback by Frg/^p or Wx/s- In the case S — Spec k we will 
drop "5" and write Fix and A^^) instead of Fr^/s and A^'^). The fc'th iterate of 
• ^^^ will be denoted 
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2.2. A-connections. Recall that a X-connection on a vector bundle £^ on a smooth 
variety X is a k-linear morphism of sheaves V : £ — > <Sio £ such that 

V/ G O Vs G f V(/s) = / • Vs + A • rf/ (g) s 

where £ is the sheaf of sections of E. 

Define the curvature of a A-conncction V to be the section Fv of Vl^ (g) f nd £ 
corresponding to the O-linear map : £ ^ ®£ where V is extended to fJ* (g> f 
by the following "Leibnitz rule" : 

V(w ®s) = A Vs + A • O s. 

An alternative definition of _Fv is that for any ^,ri E Vect we must have 

^^v(?,r?) = [Vj,V^]-A-V[5.^]. 

If Fy = 0, we say that V is flat. 

For A ^ if V is a A-connection then A~^V is a connection, and vice versa. In 
this case, the curvature of a A-connection can be expressed in terms of the ordinary 
curvature: Fy = X^F^-i^. The case A = can be thought of as a limit when 
A — > 0. In particular if £ is trivialized, and V = \d + 6 then = Xd6 + 6 A9 

Vector bundles with a flat A-connection correspond to O-fiat O-coherent modules 
over the algebra Vx which is the universal enveloping algebra of the Lie algebroid 
VectA = Vect over O with rescaled commutator: [^,r]]\ = X[^,r]]. There is an 
inclusion Ox*x(^'> ^ Z{'D\) (the center of T>\) which is an isomorphism for A 7^ 0. 
It is given by /(^' ^ F, ^'■^^ ^ e - AP-i|W where C in the LHS is regarded as a 
fiberwise linear function on T*X, and ^ in the RHS is the corresponding element 
in Vx. For A = the inclusion is just the Frobenius map Fr* : Oj-^xi^) ~^ Ot*x- 

We can then define the p-spectral variety of a A-connection V on a vector bun- 
dle E as the support of the corresponding P^-module regarded as an Orp.xw- 
module. By the p-curvature map of V we will mean the map curVp(V) : £ — s- 
£ (E) Fr*x ^x(i) coming from the action of O^xw on £. For A ^ it is related 
to the ordinary p-curvature by curVp(V) = A^ curVp(A^^ V) (here A^^V is a usual 
connection) . 

For a line bundle C on X and A G k, define a torsor 'Tfonnx{jC) over T*X whose 

sections are A-connections on C 

Remark 1. As a variety, '^onnx{jC,) is isomorphic to T^X = '^onn{C) := '^onni{£) 
for A ^ and to T*X for A = 0. 

2.3. Twisted differential operators. If X is a smooth algebraic variety and jC is 
a line bundle on it, we define a sheaf of algebras I>£o [X) for any c € k as follows: For 
any local trivialization 0: C\ij ^ 0\u of £ on an open set U, we have a canonical 
isomorphism a^: 'D£c(U) ^ V{U), and if 0' on U' is another trivialization then 
the gluing isomorphism a^' o ^ is given by 

/ H> / for / G O, and 

^ + c^{h)/h for ^G Vect 



where /i G 0^(J7 n U') is s. t. ((/)')~^ o </>: 0{U n U') 0{U D U') is given by 
multiplication by h. 
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Proposition 2. Denote by Y the relative spectrum ofDc^: Y = Spec;!^^ 2?£c. Then 
Y is canonically isomorphic to '^onncv^di^^^'^) (o-s an X -scheme). Moreover, Dc" 
is a pushforward of an Azumaya algebra I?£c on Y . 

2.3.1. TDO with "Plank's constant". Suppose X, C are as in l2.3l Define the k[c, h]- 
algebra V^f^{X) as follows. Let tt : X ^ Xhe the principal Gm-bundle correspond- 
ing to C. Denote by 'Dfi{X) the algebra of "differential operators with parameter," 
that is, the algebra 

Vn{X) :^02?<"(1) 

ri>0 

over k[fi,] where the inclusion k[fi\ VriiX) is given by ?i ^ 1 G T)-^{X). Here we 
introduce its TDO analog. For ^ e Vect^ let ^ be the corresponding element in 
T)-^ C Vfi. Let Eu be the Eulcr vector field on X (the differential of the G„j-action). 
Now set 

This is a k[c, fi.]-algebra via h E 'Dti{X), c Eu. Note also that ■n^,Vti{X) has 
two gradings: one comes from the definition of Vn as a direct sum, and the other 
comes from the Gm-action on X. But on the Gm-invariant part, we have only one 
grading (the first one), and with respect to this grading degc = degft — 1. The 
algebra T)^ being graded implies that it carries an action of G,„ and, in particular, 
if T)^^ denotes the specialization c i— > cq, ^ fi-o of the algebra V^f^ (where 
Co, ^0 G k) then 

(1) '^coM — '^XcQ.Xho 

for any A G k^ . 

The specialization c i-> gives the algebra Vn, defined above, and in particular, 
2?QQ = (prjc)*C'7'*x where pr^^ : T*X — )■ X. Furthermore, it is not hard to show 
that g = {w'x)*^'<gonn^{c) (where pr^ is again the appropriate projection to X). 
One can also check that specialization ft i— > 1 recovers the algebra P^c from 12.31 
Taking the isomorphism ([T]) into account, we can summarize: 

{pr* Ot*x if Co = fto = 0; 
pr* Ocgonn(c) if Co 7^ 0, fto = 0; 
2?£co/fio if ^0 7^ 0. 

The following theorem is a generalization of Proposition [2l 
Theorem m. 

(1) The center of the algebra T>^f^{X) is canonically isomorphic to where 

3f = '^onn^v-chv-^{C^^^)^ 

(2) Moreover, if cq^Hq G k, the specialization c i— ?■ cq, h ^ Hq induces a map 
^^CQ Ro ~^ ■^(■^c'o ho) '^^^ch is an isomorphism if and only if Hq ^ 0, in 
which case is an Azumaya algebra over 3fco,ho- 

(3) The isomorphism ^ is compatible with the Gm-action on ^ given by scal- 
ing connections by . 



^ is a scheme over k[c, h]. One should extend the definition of 'S'onnx to the case of famihes 
over an arbitrary scheme in order to make sense of the definition of 2f . 
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2.3.2. Central reductions. Suppose X, C are as above, c,hCz k, ft 7^ 0. Then any 
(cP — cftP~^)-connection Vo on C^-^^^ gives a section of the bundle ^c,h over X^^^^ 
defined above (we've changed notation from cq, fto to c, ft). Denote by the 
puUback of Pf^j to this section. It is an Azumaya algebra on X*^^^ If ft = 1 and 

c ^ Fp then O-coherent modules over T^f'^" correspond to pairs {£, V) where £ is 
a vector bundle on X and V is a connection on £ such that 

V|-V^M=c.(K)f-(V[,)^w) 

for any ^ £ Vect, where Vq is a (usual) connection on X such that Vo — (c^— c) Vq . 
(The operators in the RHS are always multiplication by a functiorH (resp. a two- 
form), and we want the LHS to be multiplication by the same function (resp. 
two- form), though on a different bundle.) 

More generally, for arbitrary c, ft e k, to describe what D^^^-modules are, 
choose any connection Vi on C. Then 2?^^^°-modules (Vq is a (c^ — ctV~^)- 
connection) correspond to pairs {£, V) where £ is a bundle (or a quasi-coherent 
sheaf) and V is an ft-conncction on £ satisfying 

(2) Fv^ch-Fv,; 

(3) Vf - ft^'-^V^M - cftf-i • ((Vi)f - (Vi)5m) - Fr*x{a,^('^) 

for any ^ G Vect, where a = Vo — (c^ — chP~^)V^-^^ is a 1-form on X''^\ The 
formulas from previous paragraph can be obtained by substitution a — 0. If Vi is 
replaced by Vi -I- /3 then V is replaced by V -f 0/3. If Vi is flat then the RHS of © 
can be expressed as FT*j^{chP^^9~a, S,^^^) where 9 — curVp(Vi), so the condition ^ 
is equivalent to the connection Vi being flat and having p-curvature chP^^9 — a. 
In particular, if 

Vo = (cP - chP-^)\7[^^ + chP-^9 

then chP^^9 — a = and therefore the algebra canonically splits. 

We will denote by V^.^o the specialization of T>f'^° at ft = 1. It is possible to 
reformulate the conditions ^ and ([3]) in a more invariant way using the following 
construction (we will do it only for ft = 1). 

2.4. Extended curvature. Let X be a smooth variety. Define a (coherent) sheaf 
S'x of O^-modules {— coherent sheaf on X^^^) by the exact sequence 

(4) ^ Oxii) ^n], ^Jx ^0- 

Then we also have an exact sequence 

(5) ^ ^3^x^ ^ f^x(i) 

where P is induced by (the inverse of) Cartier isomorphism Coker(C'x f2^ ^;) = 
f2^(i) , Q is induced by d: Q}^ — ^ Vl\ and C is the Cartier operation. It is immediate 
from the definition that 

(6) 5{lo) = P{C{lo)) forc^en^,,,. 



^ which is a pullback from X'^' 
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If we define k: fi^sr ~^ by setting k{uj) — P(cj^^)) — 6{uj) then we will have an 
exact sequence 

(7) ^ (o^)" ^ ^ n]i^Jx^o. 

(Unlike (g]) and ©, © is not k-linear.) 

Now, if (£, V) is a line bundle with connection, we define its extended curvature 
cufv(£, V) e T{X, 3^x) to be locally given by 

curv(£, V) = k{u!) 

if (£, V) ^ (O, d + ljj). It is clear from ([7]) that this is independent of the trivial- 
ization, and that Q(curv(£, V)) = — the usual curvature of V. 

Proposition 3. Splittings of the algebra 2?£c correspond canonically to line 
bundles on X with connection {C',\7') such that 

cmv{C', V) = c • aSv{C, V) . 

2.5. Connections on determinant bundles. We already said before that we 
identify the twisted cotangent bundle corresponding to the determinant line bundle 
on Buug. For that (and for later use) we'll need some facts about connections 
on determinants. So let tt : X — >■ S' be a smooth projective morphism of relative 
dimension 1, and let £ be a vector bundle (or an 5- flat coherent sheaf) on X. We 
are interested in the line bundle dctRir^S. 

Define the sheaf of relative differentials ^x/g — <^x/s s-s usual. By an ''^S -relative 
connection"^ on £ we mean a map £ — t- ® £ satisfying the usual Leibnitz rule. 

Proposition 4. Suppose X is a trivial family, i. e. X — Xq x S for some curve 

1/2 

(1) Let £ be as above, and V an S -relative connection on £®uj-^^g. Then there 
is a canonical connection on the line bundle deti?7r,f . 

(2) Let £,£',£" be three sheaves equipped with the data of point\^ and we have 
an exact sequence 

compatible with connections. Then the corresponding isomorphism det Rk^£ = 
det i?7r,f (g) det i?7r,f " is also compatible with connections. 

3. Plan of the proof of Theorem [T] 

Proposition 5. Suppose X is a variety (or a stack) and tt: A — > X , tt^ : X 

are dual families of abelian varieties. Suppose we have a torsor X for A X 

and a gerbe Q on with a fixed degree of the splitting. Then there is a canonical 
dual torsor over and a gerbe on it such that the derived categories of 
coherent modules over Q and Q"^ are equivalent. 

Idea of proof. When the torsor ^ and the gerbe G are trivial, we can take 
and to be trivial, and use (the in-families version of) the usual Fourier-Mukai 
transform. In general choose a (say, etale) cover X of X on which and Q trivialize 
so that we can apply the trivial case to get an equivalence over X, and then use 
properties of the Fourier-Mukai transform (namely, that it interchanges shifts along 
A with twists by line bundles) to descend it to X. □ 
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We will apply the above proposition to X = A ^ A'^ = (Higgs°)(2), 

^ = '^onncP_c{jC[l^^) = '^onn{£d^tY^^ = (Loc°i/2)(i) (since c Fp) and the 
gerbe G corresponding to the Azumaya algebra ^ (Bun) . We need to prove 
that is also isomorphic to Loc°i/2 and 5^ corresponds to the Azumaya algebra 
2?.-i/c(Bun). 

First, we prove that .'T'^ = (Loc°i/2)'-^-'. This is equivalent to the existence of an 
"action" on the gerbe G of the gerbe Gi on A = (Higgs^)*^^' where Gi is dual to the 
torsor = (Loc° 1/2)^"^^ — )■ {^°)^'^^ with the projection rescaled by c^. To describe 
what we mean by an action of Gi on G, consider the graph of action of the group 
scheme (Higgs°)^^) (over {,^^Y^^) on Loc°i/2 — it is a subvariety (or substack) F 
in Loc° 1/2 x^oLoc°i/2 x,^o (Higgs^)^^^ isomorphic to Loc°i/2 x^(Higgs°)(^^. From 
this graph we have three projections pr^^, prj, prg to the factors. An action of Gi on 
G is by definition a splitting of prj^ G ® prj G~ (S) prg Gi satisfying a cocycle 
condition. Now note that the gerbe G corresponds to the algebra Vc^ ^ .v where C^ct 
is the puUback of the determinant line bundle, and V is the canonical ("universal") 
connection on this puUback. One can also show that Gi is given by the Azumaya 
algebra Pcpe(Higgs°). Now the statement follows from the results of l2.3.1l and the 
following proposition (whose statement does not depend on c). 

Proposition 6. The line bundle with connection 

S := prt (£dct, V) ® prUCdcu ^f'^ p4iO, d + O'^'^) 
on F is flat and has p-curvature prg 0^^' . 

If we define 9 = cufv(£dct, V) then Proposition [6] implies the following identity: 
(8) prl - pr; 6 = P(pr; 6^^^) - «:(pr* 0^)) = <5(pr* 0('^) 

where P,k,S are defined in l2.4l 

For the proof of this proposition we will need the following lemma which will 
also be useful later. 

Lemma 7. Let Pic(C') denote the Picard stack of a smooth projective curve C . Let 
pr]^,a: Pic(C) x C — Pic(C) he the projection and addition maps, respectively (a 
is obtained from the Abel-Jacobi map). If C is a line bundle on Pic(C) such that 
C = a* C then C is trivial. 

We will prove that the restriction of the line bundle from Proposition [H] to 
the preimage Faj in F of the image of Abel-Jacobi map in Higgs° = Pic^o('^°) 
under prg is flat and has p-curvature prg 61*^^^ . This will follow from an alter- 
native description of this bundle with connection. Namely, we have an equiv- 
alence Vc-niod ^ PT'ce-niod {9 is the canonical form on T*C). Moreover, 
the "in-families" version of this is true. So if is any stack then the cate- 
gory of ".2°''^'-families of Pc-modules" (i. e. quasi-coherent sheaves on C x iF'^-* 
equipped with a connection along C) is equivalent to the category of E't*c x^,prj e- 
modules. If we replace C by C^^-* and S' by Loc° then we have the universal 
bundle with connection (along C'-^^) on C'-^' x (Loc'')^^^ so applying the equiva- 
lence gives a P-module on r*C(i) X Loc° with p-curvature pr* 0^^^ . It is supported 
on ('^°)(^) X(^o)(i) Loc° = Faj and therefore corresponds to a Pp^^ p^. g (2) -module 
which we denote by (£, V)univ 
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Lemma 8. The restriction to Taj of the line bundle S from Proposition\Ei is iso- 
morphic to (£, V)univ where we identify Loc with Loc[^i/2 via twisting by a;[? 

Proof. Wc will first construct an isomorphism of line bundles, and then prove that 
it is compatible with connections. From the definition of Taj it is easy to see that 
a point 7 S Taj corresponds to a pair of rank N bundles with w^^^-connections 
(fi, Vi), (^2, V2) that fit into a short exact sequence of 2?c_^i/2 -modules 

(9) ^ ^2 ^ £1 ^ ^ 

where T = S^,^ is an irreducible 2?^ ^^1/2 -module corresponding to a point (a;,^) £ 
r*C(i) . Now recalHhat the fiber of 5 at 7 is given by de_t Rr(£:i)«)(det RT{£2))^''^ = 
detRr(J"). If (i,^) e T*C is such that (x,^) = then J" has a filtration 

for which gr J" = J^s ® ©Co Therefore detRr(JC-) = jf^ ® wf Let 

T' — T ®Oc ^^^^^ — it is an irreducible Pc-module supported at x. Then 
we can rewrite = detRr(J') = ■ Let C C r*C(i) be the spectral curve 

of £\ (same as that of E-i). '&o C — ^ {^i}- Let Ci [i = 1,2) be Vt'Cb- 

modules corresponding to £[. They are supported on the Frobenius neighborhood 
of C in r*C, and Ci/ C2 is the irreducible corresponding to J^', which is supported 
at {x,£). From the definition of the equivalence I?c-niod ~ DT-ce-niod we see 
that F'^ = (Ci / C2) = Unraveling the definition of £univ, one can see 

that its fiber at 7 is identified with 

(^univ)7 — {^[ ^){x,^) — (-^l)^*^^) — iJ^')f^ — . 

Saying this for 7 being an S'-point for arbitrary scheme S, we can thus prove that 
Cnniv and S become isomorphic after pullback to Faj X(^(i) C. To prove that they 
are isomorphic on Faj, we'll use the following 

Claim 9. Let ir: T ^ S be a smooth morphism of relative dimension 1. Let 
X ^(1) S be the relative Frobenius map, and C a line bundle on T . 
Then there is a canonical isomorphism 

(10) det R(j),C ^ C^^^ ® (^2^/^)®(P-i)/" 

where C^^'^ is the "relative Frobenius twist" of C: it is the pullback of C^^"^ along 
the map 

Now suppose we are given an S'-point 7 of F. It corresponds to a sequence (|9]) 
of {Os ^ tji/2)-modules where £1,82 are rank N vector bundles on S* x C, and 

is a line bundle on suppJ^ — S Xp(i) C C 5 x C for a certain x: S C^^^ 
Just as before, we have — deti?7r,J-" where tt is the projection 5 x C — > 5. 
Now note that F — fi|suppj^- Let F^; C S x C*^^-' be the graph of x. Then 
Rtt^F = {{ids X Frc)*ifi)|r^. Now, Claim [S] gives 

= deti?7r,J' = (det (ids x Frc),fi)|r^ 

= {{£,r^ ® {OsMco^[f-'^/'))l^ = (^(^)). ^os x*co^[V^/' . 

We claim that the right-hand side is canonically identified with (£univ)7- 

To prove that this isomorphism is compatible with connections, we will need the 
following statement: 
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Claim 10 (cf. Proposition EH) . Suppose that T = C x S ^ S is a trivial family 
of smooth curves and s: S ^ y('S') {g ^ section of T^^^ — )■ S. Let (J-", Vjf) be a 
coherent sheaf on T with an S -relative uj®y^ -connection and assume that J- is a 
pushforward of a line bundle C on the closed subset Z — S x ^ ^"(s) T. Let Vdot be 
the connection on C :— deti?7r*J-" given by Proposition^ Let w: S ^ Z be the 
(k-semilinear) map such chat lzow = WV/50S. Then Vjr gives rise to a connection 

on C" w*{C (g) 
The two line bundles with connection are related by 

(11) {C',Vdot) = {C",\7^-S*9) 

where s: T*{T^'^yS) = T*C^^^ x S is the section of T* {T'^^^ / S) S whose image 
is the p-support of {T, Vjr) and 9 is the pullback of the canonical 1-form on T*C'^^'^ 
under the projection T*C'^^^ x S* — ?> T*C'^^\ 

□ 



Proposition[B](at least, restricted to Faj) is an immediate consequence of Lemma[Sl 
Denote by .% = Loc^i/^^^ ^ the torsor over (Higgs'')(i) 

pulled back from the standard torsor Loc° 1/2 (,^*')'-^-' under the action of c G 

on 

Now, to prove Theorem [U we need to construct a line bundle V)kcr with 
connection on ^ x^^ggoyi) 3'c satisfying 



dot J 



(12) curv((£, V)kcr) = c • curv(pri(/:, V)dot) + c • curv(pr2(£, V) 
The sought-for bundle with connection will be given by 

(13) (AV)kcr :-a*(/:dct,V)®prt(/:f-i,V*)®pr*(£®;\V*) 

where (iZdct, V) is the universal line bundle with connection on Loc, and a is the 
"addition" map x^^o^ci) =3^ — s- =3^+c (one can check that the torsor 3'\j^c is the 
sum of the torsors 3'\ and 5^). Define 9 = curv(£, V)dct- Then substituting (fT3|) 
in ^ yields 



LHS - RHS = cTIfV((/:, V)ker) - c • pr* 6* - c^^ • pr* 9 

(14) = a*~9 - prj ^ - prj ^ - c ■ prj ^ - c^^ • prj ~9 

= a*~9- (1 + c) -pr^ 6i- (1 + c"i) -prj^. 

So we need to show that 

(15) (l + c)"ia*^ = pr^6i + c-ipr^^. 

To prove formula (jisp . we proceed as follows. Let a = (1 + c)~^a*9 — pr^ 9 — 
c^^ prj 9; we want to prove 5 = 0. Consider the two projections prj^ 3, prj 3 : ,3^ x ((-^ojii) 
3^1 X(^o)(i) ^ ■3^1 X(^o)(i) As a first step, we prove that the difference be- 
tween two puUbacks pr^go; — pr2 3 a = 0. Let pr^ (i — 1,2,3) be the projection 
from 3^1 X(-^o)(i) X(^o)(i) 5^ to the I'th factor, and 0^.3 ~ aopr^ 3 (* = 1)2). We 
also have a "difference" map s: ^ X(^o)(i) (Higgs°)'-^^; denote si_2 — sopri,2- 
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Now we calculate 

p4,3 a - wh a = {l + c)-'alJ - pif e - c-i pr^* 9 

- [(1 + c)-'a;J - pr- 9 - c-i pr^ 9] 
= (1 + c)-\al,9 - 4 J) - (pr'i* 9 - pv',* 9) 
= (1 + c)-'S{sl,{{l + c)0(i))) - <5(42^(i)) = , 

where in the last line we used formula ([8]). 

The formula (fT6|) implies that a = pr2 a' for some a' € r(5^,S'^^). Similarly, 
we can show that a = prl a" for a" G r(^i,3^5^J. It follows that a = pr(^")'*/3 
for some /3 G T{^, "Jsgo). So we need to show that /? = 0. 

3.1. Alternative construction of 9. Let r^Loc be the canonical symplectic form 
on the smooth part Loc''™ of Loc, so that ilLoc = -^Vdot ■ We will construct a 1- 
form 6*0 on Loc'*™ such that JIloc — d9o and d{9o) = 9 (where S is defined in l2.4p . 
Since r^Loc is symplectic, constructing 9o satisfying the first condition is equivalent 
to constructing a vector field which is Liouville, i. e. L^^^li^oc = ^Loc where L 
denotes the Lie derivative. 

First, we need another interpretation of the form r^Loc. Note that for a Gm- 
gerbe ^ on a smooth variety X, and two ^/-modules M and Af with proper support, 
we have the following version of Serre duality: RHom(A4, A/")* = RHom(A/', (8) 
a;x)[dimX] where ujx is the sheaf of top degree differential forms on X. In partic- 
ular, if X is a symplectic surface and AA — J\f, we have a nondegenerate (in fact, 
antisymmetric) bilinear form on the space Ext^(A^, Ai) which is identified with the 
tangent space at M to the moduli space ^x,g of ^/-modules on X, so we get a 
non-degenerate 2-form on this moduli space. One can use properties of the Serre 
duality to show that this form is closed. 

Lemma 11. The form r^Loc coincides with the one just described, where we put 
X = T*C'^^\ and Q = Qt> is the gerbe corresponding to the Azumaya algebra Dq- 

Proof sketch. It is known that (in any characteristic) the category of I?-modules 
on a smooth variety Z admits a Serre functor Sz which, moreover, is canonically 
isomorphic to the shift by 2 Avon Z. The same is true for D'-modules where V is 
any twisted differential operator algebra. We will need the case V = V(j ^1/2. The 
lemma will follow from the following two statements: 

• The curvature of {C, V)dct coincides with the 2-form constructed from this 
isomorphism Sc — [2]. 

• The composite equivalence T>q^i/2 ~ Pc-mod ^ Qg-mod is com- 
patible with the trivializations of Serre functors. 

The first statement makes sense in any characteristic and should be well known. As 
for the second statement, the difference between two trivializations is an invertible 
function on T*C^^\ therefore a constant. With a little more work, one can show 
that this constant is equal to 1. □ 

In the situation above, consider the open substack g C ^x,g consisting of 
modules which (locally after splitting Q) look like (pushforward of) a line bundle 
on a smooth curve in X . Denote by the moduli space of proper smooth curves 
in A, and let C x A — ^ be the universal family of curves. Then we 
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have a map x ■ -^x g ~^ ^\ given by taking supports, which presents g as a 
torsor for the relative Picard stack Pic(^^/,^^). One can show that this defines 
an integrable system (i. e. that the fibers arc Lagrangian). 

Denote D = Spec(k[e]/e^). A vector field on Loc*™ is the same as an automor- 
phism of Loc*" xD over D which is identity on Loc*™ C Loc*™ xD. Let h be the 
automorphism of T*C'^^^ x D corresponding to the Euler vector field on T*C^^^ . 
Since }i'^{^*C'^^\0) = 0, there exists a (non-unique) equivalence 

^ : pr* Qt> ~ h* pr^ Qt> 

which is identity on T*C(^) x pt C T*C(^) x D. Now, if we have a P-module M on 
C, let M' be the corresponding C?x)-modulc, and let M' = ^^^h*{M' H O-n) this 
is a pr^ 5x)-module on T*C^^^ x D, and denote by M. the corresponding Vc Kl O-o- 
module. By construction, M/eM. = Ai, so M. defines a tangent vector to Loc*"* 
at M. This way we get a vector field on Loc*™ which is the desired field ^o- Denote 

Proposition 12. The vector field S^q is Liouville. Equivalently, d6o = f^Loc- 

Proof sketch. The proposition follows from the functoriality of the Serre duality. 
Namely, if we have a symplectic surface {X, Q) with a Gm-gerbe Q and an auto- 
morphism (j) of the pair {X,Q) such that (f>*il = Xfl for some A G k^, then the 
corresponding automorphism <p of the moduli space of (coherent, properly sup- 
ported) ^-modules will satisfy 4>*^^g = Afi^g where fl^g is the symplectic form 
constructed by the Serre duality. One can also formulate an in-families version of 
this statement. In particular, if we take X = r*C(i\ G = Go and the D-family 
of automorphisms given by (/i, $), then the equality h*ilrp,Q{i) = (1 + e)flj',(j(i) 
implies that h*Qi,oc = (1 + £)fiLoc which means (since h = 1 + s^o by definition) 
that L^gQi^oc = ^Loc- □ 

Proposition 13. The class of^o modulo Hamiltonian vector fields does not depend 
on the choice of^. 

Proof sketch. Suppose we have two equivalences i>i, <i>2 : prj Gv ^ h* prj Gv- Then 
they differ by an auto- equivalence o ^2 of pr^; Gt> which corresponds to an 
element (j) G H^{T*C'^^\0). From any such element we can construct a function 
on ^(^^ as follows. If a point b G ^^^^ corresponds to a smooth spectral curve 
C C T*C(i) (i. e. if 6 e then we just put f'^{b) = {(l)\c,0\c) where (•, •) 

denotes the Serre duality pairing. (It can also be defined for b ^ (,!^")(i).) One can 
check that the pullback of to Loc**" satisfies Hf^ = ^0,1 — Co, 2 where ^0,1 and 
Co, 2 are the Co's corresponding to $1 and $2, respectively. □ 

For a smooth variety X and a 1-form 6 on X^^^ denote by G9 the Gm-gerbe 
on X^^") corresponding to the Azumaya algebra Vg. [Need in families over D.] In 
particular, the gerbe Gv on T*C^^^ is equivalent to Ge where 9 is the canonical 
1-form on T*C. One easily checks that Ge depends additively on 9 in the sense that 
Gei+92 ~ Gei ■ Ge^- Therefore on T*C(^) x D we have 

pr^ Gi" ■ h* pr^ Gv ~ Gh-e-e = Gee = Ge-e ~ e* pr^ Gv 

where 9 here is considered as a relative 1-form on T*C^^'^ x© over CD, and e : T*C^^'^ x 
is given by fiberwise multiplication by e. Now, e factors through 
the 1st infinitesimal neighborhood Zi of the zero section in T*C'^^\ Therefore the 
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above equivalence $ can be constructed from any trivialization 5* of Q-d on Zi 
which coincides with the canonical trivialization on the zero section. We assume 
from now on that $ is obtained in this way. 

Note that, given "i! , one can construct a family of equivalences 

(17) : Wi See ~ h* pr^ Gee 

parametrized by c G k (we just have to replace e by fiberwise dilation by ce). One 
can check that $c is additive in c, i. e. compatible with the equivalence Q[c+c')e ^ 
QcO • Qc'e and, if c e k^, $c is obtained from $ by conjugation with dilation by c 
on T*C(i). 

Proposition 14. // the equivalence $ is from the class just described then, in the 
notation of ([T5|) (for any c £ k \ ¥p), we have 

(18) (1 + c)-'a*9o = prj + pr^ • 
Proof sketch. First we'll show that 

(19) (1 + c)-la*17Loc W*l ^hoc + W*2 ^hoc ■ 

This will follow from a more general statement: 

Lemma 15. Let X be a symplectic surface, G,G',G" three Gim-gerbes on it, and 
suppose we are given an equivalence Q ^ Q' ■ Q" ■ Consider the corresponding 
Y'ic{'£^/.^\)-torsors ^ = J^x,g^ = -^x^Q'^ = -^x^g" endowed with sym- 
plectic structures. Clearly, ST is identified with the sum of torsors S^' and ^" , 
so we can define the graph of addition V <Z .'J x S/'' X ggo^ . Then T is a 
Lagrangian subvariety in (^ x x — ^l^^i — fl^yn). 

Proof sketch. Suppose we want to prove that F is Lagrangian in a formal neigh- 
borhood of some point 7 S F, and let C C X be the corresponding spectral curve. 
Clearly one can replace X by the formal neighborhood of C in X. Since 
H^{C^,0) = 0, we can trivialize Q on C^. So we can assume that Q is trivial. 
Then F is the graph of addition on Pic('^^, ^x)- ^ well-known fact that this 
graph is Lagrangian (at least for the usual Hitchin fibration, i. e. for X = T*C). □ 

Note that for X = T*C^'^\ G = Gee the torsor ^x.g is identified with from 
the previous subsection. Moreover, under this identification, we have c^^51loc = 
ri ^o^g. Therefore, formula (|19p follows from Lemma [TSl applied to G — G{i+c)e, 
G' = Ge, G" — Gee- 

Denote by ^o.c the vector field on obtained from ^0 under the identification 
5^ = Loc". Then, in order to prove Proposition[T8l we need to prove that the vector 
field r]c — Wi Co,i+c + pi'2 ^0,1 +P'^3 'Co.c on x ^ x ^ preserves F (because F is 
Lagrangian, and this vector field corresponds to the 1-form [l+c)^^ pr^ ^o^pi'S 
c~^ prg 0o)- To see this, note that ^o,c can be obtained the same way as ^0 with $ 
replaced by $c from (1171) . Now, 7]c comes from an infinitesimal automorphism of 
the quadruple {X, Ge, Gee, G(i+c)e) given by {h, $1, $c, $i+c)- Additivity of in c 
implies that this automorphism is compatible with the equivalence Ge'Gce ^ G(i+c)e- 
Therefore 7]c preserves F, which is what we want. □ 

Lemma 16. The extended curvature 9 of the determinant line bundle with connec- 
tion (£, V)dot on Loc'"" is equal to 5(9q). 
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Since S is k-linear and compatible with pullbacks, Lemma [T6l implies formula (jisp 
and therefore Theorem [TJ 

Here we prove the following partial result: 

Proposition 17. We have 6 — 5{9q) = P(x'*-^'*/5o) where x' is the map Loc''™ ^■ 
S and P are defined in \2.4[ and /?q is some form on 

Proof sketch. Denote chq — 9 — S{9o). We have already mentioned above that 
Q{S{9o)) = d9o = f^Loc = Q{9). So Q(ao) = 0, which means that ao = P{ao) 
for some G T{.SS'^^\Vl]^^i^). We want to prove that ao = x'^^''*/?o for some /3q. 

We'll show that aolLoc" is a puUback of some 1-form /?o on Using the prop- 

erties of x', we can then deduce that /3o extends to the whole ■SS'^^^ since x'^^''*/3o 
extends to Loc"™. 

Now let r be the graph of addition in Higgs"^^'' 'X-ag(i) Loc° x^(i) Loc". The 
argument of the proof of Proposition [18] applied to c = shows that on V we have 
prj 0^^) + prj ^0 = pi's ^0 where 9 is the canonical 1-form on Higgs — T* Bun. (We 
use that the vector field ^o,o on Higgs coincides with the Euler vector field, and 
therefore 9o,o = 9.) Applying S yields S{prl 9'^^^) + <5(pr^ ^n) = S{pr^ 9o). On the 
other hand, we know from ^ that (5(pr^ 9^^'>) + pr2 9 — prg 9, so subtracting the 
previous equation, we get pT^2 ^* ao — pr3^''*Q;o, so (5o|loc° is a puUback of some 

e r(^"^^\ J^o(i)). Since &q G Im(P), we must have G Im(P), so = P(;3o) 
for some /3o- □ 

3.2. Proof of Lemma 1161 Denote by Bun^''' the connected component of Bun 
consisting of vector bundles of degree d and Loc^'^l its preimage in Loc. Note that 
Loc'''' is nonempty only for d divisible by p. 

We can deduce Lemma [TBI from the following statement: 

Lemma 18. For generic curve C the fibers of the maps q : Loc — !■ Bun and 
X'- Loc —5- ^^^^ are transversal generically on Loc^*^'. 

Namely, we will show the following: 

Proposition 19. The 1-form ~ X^^^*P'o (where P'q is defined in Proposition ] 1 
vanishes on q^^{b) if b Bun is such that q is smooth over b. 

Clearly, together with Lemma [THl this implies the desired equality /3g = 0. 

Consider the stack Loc over whose fiber over A G A^(k) = k is the stack 
Loca of rank N bundles on C with A-connection. The stack Loc has a canonical 
Gm-action lifting the dilation action on . Consequently, we have an isomorphism 
Loc Xj^i Gm ^ Loc xGm- Let t be the coordinate function on A^. Denote by 
Loc the smooth part of Loc and by Loc the maximal open subset in Loc 
smooth over A^. The stack Loc defines a filtration on functions, differential forms, 
etc. on Loc (and on open subsets thereof): a form 77 on Loc belongs to the fc'th 
filtered piece iff the puUback of 77 to Loc x Gm ^ Loc has pole of order not greater 
than k along Higgs = Loc x^i {0}. This filtration is compatible with the de Rham 
differential. Similarly, we get a filtration on r(5'Loc"" ) = r(f7Loc™>/^^Loc™')- 
these filtrations will be denoted by F*. 

sm 

For example, there is a relative symplectic form on Loc /A of weight 1 with 
respect to the Gm-action. Its restriction to the fibers over 0, 1 G A^ are the standard 
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symplectic forms on Higgs*'" and Loc"". This means that JIloc e i^^ri^(Loc*"). 
It is also straightforward to check that 

(20) e G Ff J(Loc''"). 

Lemma 20. We have Oq e PP+^fl^ {Loc''"'). Eqmvalently, G FPr(Loc""). 

sm 

Proof. We need to prove that t^'^o extends to Loc . Recall that the value of 
at a point corresponding to a bundle with connection (or O-coherent P-module) 

— {£, V) is given by the infinitesimal deformation A4 = {£, V) of M constructed 
inIO 

We will think of as an extension of A4 by itself. Recall that the construction 
of M. in l3.1l uses the splitting of the gerbe Q on the 1st infinitesimal neighborhood 
of zero section in T*C*^^^ This splitting can be thought of as an extension of 2?- 

modules T^^^ = Tc^ Mo ^ Oc ^ Q- Denote by w G Ext^(Oc, T^'^') the 
class of this extension. We will also need the p-curvature of thought of as a map 
of D- modules curVp(A^) : M ®Tq — >■ A^. By unwinding the definition of A^, it 
is not hard to check the following: 

Claim 21. The class of M in Ext]j{M,M) is given by 
class(A^) = curVp(A^) • {idM (^v) 

where ■ denotes the composition Hom-piM ® T^P\M) ® Extp(A^, ® T^P^) ^- 
Extp(A^,A^). More precisely, the exact sequence O^A^^A^— s^A^— >Ois 
canonically isomorphic to the pullback of A4 ® {0 Tq — >■ A4o — > Oc 0) by 
curvp(A^). 

- — sm 

In order to construct the vector field on Loc extending t^^o, recall the notion 
of p-curvature of a A-connection from l2.2l It allows to extend the above construction 
of A^ to A-connections to get the desired vector field ^o- (We just need to multiply 
the connection on A^o by A and use tensor product of A-connections.) □ 

Proof of Proposition 1 1 From Lemma [20l and formula (|20p we see that P(/3o) = 
e - S{eo) G FP+i J(Loc"'"). So we must have 

(21) /3o GFir!i((Loc"'")(i)) 

(otherwise P(/3o)^lo(G™) extended to Loc would have a pole of order >2p> p+1 
along Higgs). Let "3^ be the open part of Higgs given by := Higgs''™'^^' = 
Loc x^i {0}. Then we get a 1-form /3i on ' obtained by extending the (rela- 
tive) 1-form tPo from (Loc^'")^^) x G,„ to (Loc^")^^) and then restricting to ^(i). 
The form /3i has weight 1 with respect to the Gm-action on C Higgs*-"'^-'. 

For b G Bun as in the statement of Proposition [121 (E)) implies that /3o|loc6 is a 
translation- invariant form on Loc;,, and the restriction of /3i to the fiber Higgs^ of 
Higgs at b is the corresponding translation-invariant form on HiggSf, (recall that 
Locfe is an affine space over the vector space HiggS;,). 

Denoting by Eu the differential of the Gm-action on we get a function F = 
iEu/3i on of Gm-weight 1. The restriction of F to Higgs^ is a linear function 
whose differential is /SilHiggs,,- Since the projection ^> ^ is proper over , the 
restriction of F to each component of Higgs must be a pullback of a function F' 
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on SS. This function must also have degree 1 with respect to the standard Gm- 
action on SS. We want to show that F' = and hence F = 0. This will imply that 
/Silffiggs^ = and therefore /SoIloc,, = 0. 

Since we know that /3o descends to the function F' does not depend on 
the choice of connected component of Higgs. Now consider the Serre duality 
involution a on Loc^^i/2. Via the identification LoCj^i/2 ^ Loc given by i— >■ 
M. ® ijj®'^v-'^)l'^ it corresponds to an involution on Loc given by ® uj®^ 

which we will also denote by a. It is easy to see that the determinant line bundle 
with connection (£, V)dct is invariant under cr, hence so is its curvature JIloc and 
extended curvature Q. The vector field can also be shown to be invariant under a. 
So the 1-form is cr-invariant as well. Recalling that P(/3o) = 6 — S{9o), we see 
that /3o must also be cr- invariant. Thus for the function F we get that it is invariant 
under an analogous involution on Higgs. But then for F' it means that it should be 
invariant under the action of —1 € on whereas in the preceding paragraph 
we saw it is anii-invariant under the same element. The desired equality F' = 
follows. □ 

Appendix A. Twisted cotangent bundle to the moduli stack of 

COHERENT SHEAVES 

The main goal of this appendix is to show that the twisted cotangent bun- 
dle to the stack of coherent sheaves on a smooth projective curve is identified 
with the stack of half-form twisted coherent 2?-modules on that curve. This is 
a characteristic-independent statement, except that we have to assume that the 
characteristic is not 2. In fact, we prove it for arbitrary base scheme S defined 
over Z[l/2]. 

We will understand all derived categories in the higher-categorical (i. e. {oo, 1) or 
DG) sense, so that it makes sense to talk about homotopies between (l-)morphisms. 
(In fact, the (2, l)-categorical level would sufiice: all our morphism spaces will be 
1-groupoids.) 

A.l. Twisted cotangent bundles to stacks. Let S be a (Noetherian?) scheme 
and ^ ^ S a, smooth Artin stack over S. For an ii-point a; of ^ where R is a, 
commutative ring, consider the groupoid /s^x of all dotted arrows in the diagram 

Speci?^^^ 

(22) t X 

Bfi ^ S 

where Dr = Spec(i?[£]/£^) and l: Speci? D^, p: Dr — > Speci? are the natural 
morphisms. This is an i?-linear Picard groupoid, so it corresponds to a 2-step 
complex of i?- modules ^ living in degrees and —1. This complex is perfect, 

compatible with derived base change and satisfies descent, and therefore defines a 
perfect object T^^g G D''{^). It is called the tangent complex of ^ over S. The 
cotangent stack is then defined as 

T%^/S) := Spec^(Symo^ n^T^/s)) 

where is taken with respect to the natural t-structure on D^{^). 
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Now let £ be a line bundle on and the corresponding principle 

Gm-bundle. Then T^^g is a Gm-equivariant complex and therefore descends to a 

complex T^/g ^ OTi ^ which fits into an exact triangle 

(23) A T,|r/s,£ ^ Tlr/s A- 0^[f] 

We will sometimes refer to 7^ £ as the extended tangent complex. Now define 
the twisted cotangent stack T^{^ / S) as 

(24) f^i^/S) := Spec^(Symo^. n°{r^^s,c)) i'^}s 
where the morphism from the first factor to is induced by i. 

Remark 2. There are several alternative interpretations of the stack T^(^ / S): 

(1) ft is the spectrum of the quotient of SymH^{T^- /g) by the ideal generated 
by l-i(lo^.). 

(2) Its i?-points lying over x: Speci? ^ are given by "splittings" of the 
puUback under x of triangle (f^ . 

(3) These splittings are the same as nuU-homotopies of Sx- 

There is a closed substack 2f C ^ consisting of points x £ ^ where i acts non- 
trivially on local cohomology. Then the map T^{^ / S) ^ factors through 2f 
and over J° it looks like a torsor for T*{3^ /S). 

Another way to define the complex T^^g £ is as follows. For an i?-point x 
of let BGa{R) denote the classifying groupoid for the group Ga{R) ~ {R,+). 
We will define a functor S' : BGa{R)- Namely, for any x: Dr ^ 

as in (|22|) . we set 5'x{x) to be the torsor of isomorphisms x* C ^ p*x*L whose 
restriction to Speci? C Dr is idx^c- The action of Ga(i?) on 5'^{x) is given by 
the composition G,a{R) ^ 1 + eR C R[e]/e'^ = 0(Dfl) End{x*C). The map 6'^ 
corresponds to a map dx ■ Tx /s x ~^ R[M- The maps Sx for all R and x glue to a 
map 6: T^jg ©^[l]. Then T^jg ^ can be reconstructed as "the" cone of (50 
Below we write 5'~ instead of 5 to show explicitly the dependence of 5 on C. 

We will need the following lemma whose straightforward proof is omitted. 

Lemma 22. Let / : ^ — > &e a morphism of smooth Artin stacks and C a line 
bundle on '3^ . Then we have a commutative diagram 

^k/s — ^ Os:[l] 

df 

A. 2. The stack Coh(C) and its tvifisted cotangent bundle. Now let C — > S* 

be a smooth proper family of algebraic curves. We work with schemes over 5* 
throughout, so we will often drop "S*" from the notation writing 7^, T*^, x, 
etc. instead of Ts: /Si T*{S^ /S), Xg, etc. If i? is a ring, and s: Speci? — ?> S" is 

■^In order to reconstruct T^^g ^ canonically, one needs to understand the derived categories 
in the (oo, l)-categorical (or DG) sense. 
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an i?-point of S, we will denote by Cs or Cr the base change of C by s, that is, 
Cs^Cr-.^Cxs,, Speci?. 

We consider the stack Coh(C) of coherent sheaves on fibers of C. Its groupoid 
of _R-points is given by 



Coh(C)(i?) = <^ {s,T) 



s e S{R); 
T is an S"-flat coherent sheaf on Cs 

Below we abbreviate Coh = Coh(C). Consider the determinant bundle £dct on 
Coh. Its fiber at an i?-point x of Coh corresponding to a coherent sheaf J-x on Cr 
is given by 

iCdet).^detRRTiCR,Tx). 
From now on we assume that 

(*) 2 is invertible on S", i.e. 2 • 1^(5) G 0(5')'' . 

We will be interested in the twisted cotangent stack corresponding to £dct- 
Namely we will prove the following. 



Theorem 23. There is a canonical isomorphism of stacks over Coh: 

(25) f^^^^Coh-ConnJ^'^ 

where ConnJ°2 moduli stack of Oc-coherent modules over the algebra 

of differential operators in uj^^^^ . 

Denote T'^i, £^ ^ by T^qi, • Now it follows from the formula (|24)) that the datum 
of an i?-point of Coh lying over a; G Coh(i?) is equivalent to the datum of a 
nilhomotopy of the map 

We can therefore reduce the study of T^^^^^Coh to the study of 6x- 

It is knowr0 that the tangent complex T'^^^ ^ t° ^'^^ a point x € Coh(i?) is 
canonically isomorphic to (REndJ^r)[l] G I?''(i?-mod). So we have to study the 
map 1] : REnd J-^r R. Using the Serre duality, we get a map 

The map ax corresponds to an extension 

(26) 0-^Tx® uJcn/R ^ <^>s{Tx) ^ J", ^ 0. 

It is clear that, for any R and a map s: Speci? — 5, the assignment Tx n> 
^s{J^x) defines a functor from the groupoid of _R-flat coherent sheaves on Cr to 
itself compatible with base-change of R. In other words, we have a morphism of 
stacks $ : Coh Coh. 

We will show that extends to non-invertible morphisms of sheaves and, more- 
over, has the following description: 

Proposition 24. Let be the 2nd infinitesimal neighborhood of the diagonal 

(2) 

Ac C C X C and p, q: Ap ^ C the restriction of the two projections C x C ^ C . 



^At least for the open part of Coh parametrizing vector bundles; but the same proof works for 
all of Coh. 
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Denote also by pR, qn their base-change by s: Speci? — )■ S. We have a canonical 
isomorphism 

(27) $,(^) - (,s X id^,., r{p*u;c®q*uJ^-T'^') 

where "^^/^ denotes the canonical square root of the line bundle on A^^ which is 
trivial on Ac- (It exists and is essentially unique due to the assumption Q.j 

Denote by l>s(-F) the right-hand side of (l?7l) . 

Proposition \24\ implies Theorem \23l According to Remark [2l point [3l for any 
X : Spec R — Coh the elements of Homcoh (Spec R, Coh) correspond bijectively 
to null-homotopies of the map dx- By the Serre duahty isomorphism, these are the 
same as null-homotopies of and therefore the same as splittings of (|26l) . Now, 
using (|27l). it is not hard to see that these splittings correspond to (s x idc')*'Dc\^i/2- 
module structures on Tx. □ 

Lemma 25. For any s: Speci? — > S the map of groupoids ■ Coh(i?) — > Coh(i?) 
extends to a self-functor of the category of R-fiat coherent sheaves on C Xs Speci?. 
In other words, extends to non-invertible morphisms. 

Proof. Let pr^^ 2 ■ Coh x Coh ^ Coh be the projections and E : Coh x Coh — >■ Coh 
the map classiiying direct sum of coherent sheaves. By the properties of determi- 
nant, we have a canonical isomorphism 

(28) pr^ £dot 'X)pr2 -Cdct = S*/:dot- 

Applying Lemma [55] to -Cdct and E yields a commutative diagram on the left: 



In, 



Coh X Coh ■ 



CCoh X Coh[l] 



^*7coh ~~ ^ Ocoh X Coh[l] 



REnd(j;) © REnd( J-j,) — ^ i?[l] 



REnd( ® Ty) ^ i? 



Pulling it back under some (x, y) : Spec i? Coh x Coh, we obtain the diagram 
on the right (boxed). From ((28)) we see that the top arrow of this diagram is 



equal (canonically homotopic) to d^'^^^Pi + (5^'^°'P2 where pi, p2 are projections to 
the summands. Note also that the left vertical arrow is given by direct sum of 
(derived) endomorphisms. 

Now if we apply the Serre duality to the boxed diagram, we get 

(Note that the 'equals' sign here again really means 'canonically homotopic.') In 
other words, we have an isomorphism 

^s{Tx ® Ty) = ^s[Tx) ® ^s{Ty). 

We already know that $3 is functorial with respect to isomorphisms, so ^s{J-x ® 
Fy) is acted on by the automorphism group of (B Fy. Moreover, since $ is 
compatible with base change, we have an action of the group-scheme over i? given 
by R' Aut((J^a; (B Fy) (^R R'). In particular, consider the automorphism Of — 

/id^-^ 



for some f: Fx ^ Fy. It can be shown that $(a/) has the form 
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^ / id ( ) j- Now we let $(/) = /. Using triple direct sums, one can prove 
that $(5 o /) = $(£,) o $(/) for any g:Ty^T^. □ 

Lemma 26. Let C he a line bundle on Speci? and p an R-point of C. Let jp = 
{p, idspecfi) : Spec R Cr = C x Spec R be the embedding of the graph of p. Then 
Proposition \24\ holds for J- — jp^C. 

Proof. Let x : Spec R Coh be the point corresponding to J" and Tp = 7p(Spec R) = 
supp C Cr. First we will show that the two extensions of J-"® w by in the two 
sides of ([27l) have the same class in Ext^(J^, 7^ ® w). Note that for the "relative 
skyscraper" as in the lemma, this _R-module is identified with R. We claim that 
the classes of both extensions are equal to 1 under this identification. For the RHS 
of ((27)) we have pushforward of a line bundle on the 2nd infinitesimal neighborhood 
of Fp whose restriction to Fp is £. Now the statement can be easily seen from the 
construction of the identification. 

For the LHS we are interested in the image of under the projection 

RHom(J', J"(8)cj[l]) ^ Ext^(J', w). 

By Serre duality, this map is dual to (End = H-^{T'„^_^)[l] (REnd J')[l] = 
T'^i^ a;- Therefore we have to study the restriction of Sx to the (— l)st cohomology 
of Tcoh X- This restriction is responsible for the action of infinitesimal automor- 
phisms of X on {Cdct)x- The group scheme of automorphisms of x is identified 
with GmR, and it acts on {Cdct)x via the tautological character. This means that 
Sx restricted to H-^{TSoh,x)W - (End ^ R[l] is the identity. Now the state- 
ment about the class in Ext^ follows from the fact that the Serre duality pairing of 
the canonical generators of End and Ext^(J^, T (x)uj) is equal to 1. 

Thus we showed that the two extensions in p7p are non-canonically isomorphic. 
The set of isomorphisms is a torsor for the group R which is compatible with base 
change. So we get a Ga-torsor A on the open piece Coh^^' ^ C x BGm of Coh 
classifying length 1 sheaves, and we need to construct a canonical trivialization 
of A. 

Consider the involution a on Coh given by Serre duality: J-" 1— > J^^ (g) ut. We 
have a* Cdot — ^dct- One can check that the isomorphism IUlom{J-x,J-x <Si uj) = 
(Tcoh^xy C^'oh.rrCo;))^ " R.Hom( , J"<,(3.) 0;) is given by taking dual mor- 
phism. Hence the morphism Sx is dual to S^/^x), and therefore ^s{J'x) — i^siJ'a{x)))'^ ■ 

Restricting to Coh'"^', for the torsor A we get (f Icohiii)*^ — On the other 
hand, any Ga-torsor on Coh'^' = C x BGm descends to a torsor A on C. We get 
A = —A and thus A is trivial due to Q, so we are doneQ □ 

Lemma 27. Suppose x is an R-point of Coh corresponding to a line bundle C on 
Cr. Then Proposition \24\ holds for x. 

Proof. Consider the S'-scheme S" := Cr and let A : C_r Cs' — C XgC x 5 Spec R 
be the diagonal embedding. Let Ls' be the line bundle on Cs' obtained from L by 
base-change along S' Spec R. Now consider the map of coherent sheaves on Cs' ■ 

f: Cs' A,C^ A,A*£s'- 



^Actually, we will also need the statement that the isomorphism i27[ in the case in question 
is compatible with morphisms of Cs that are not necessarily isomorphisms. 
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According to Lemma [25| we have a map 

$S'(/): prt$.(/:) ^$s'(A*/:) 

(we used that $ is compatible with base-change), and therefore, by adjunction, a 
map 

g: ->pri,$s'(A*/:)- 
By Lemma we have ^^/(A*^) = $5/(A,£). Also, from the definition of $ 
one can see that pr^, $5'(A,£) = ^s{C)- So g is a map ^ ^sC-C). By 

construction, 17 is a map between extensions of £ by £ (g) w, so it gives the desired 
isomorphism. □ 

Proof of Proposition \24\ (sketch). Locally on Speci?, we can find a resolution of a 
coherent sheaf on Cr by direct sums of line bundles. Any two such resolutions 
are related by a sequence of homotopy equivalences. Thus, due to the functoriality 
of $ (Lemma [25|), we can reduce Proposition [24] to Lemma [271 □ 

A. 3. The determinant bundle with connection on ConnJ°2- For a smooth 
stack ci?r and a line bundle C on the puUback of C to carries a canonical 

connection. Applying this observation to ^ = Coh(C) and C — Cdct, and taking 
Theorem 1231 into account, we get a connection Vdct on the pullback ^d;,^ of £dct to 
ConnJ°2- In this subsection we state some properties of £dct and Vdct- 

Suppose we have an 5'-scheme 5", and a short exact sequence of ^'-families of 
coherent 2?^i/2-modules on C, i. e. of 5'-flat coherent sheaves on Cs'- 

^ J"' ^ J" ^ J"" ^ 

with compatible (relative) oj^/'^-connections. Let x,x',x" G Coh(C)(S") be the 
corresponding points of Coh. Then we have the following relation between the 
puUbacks of the determinant bundle: 

(29) {Cdct)x — {^dct)x' '8' {Cdct)x" ■ 

Now from the connection Vdct we get connections on both sides of the above iso- 
morphism. 

Lemma 28. The isomorphism (|29p is compatible with connections. 

A.3.1. The case of characteristic p. Now suppose that 5 is a scheme in charac- 
teristic p, i. e. for a prime p we have pOs = 0. Then there is a component 
of ConnJ°2 classifying irreducible 2?-modules. We identify ConnJ°2 with Conn''"'' 
by • ® a;®(P-i)/2. Recall the Azumaya algebra Vc/s on T*{C^^'> /S) whose pushfor- 
ward to 

C(S) 

is isomorphic to Ftq/s^ T^c/s- For an 5-scheme S", the S"-points of 
correspond to pairs (y, £) where y is an S"-point of T*C'-^'\ and £ is a splitting 
of y*'Dc/s- In other words, is isomorphic to the Gm-gerbe Ge on T*C^^) where 9 
is the canonical 1-form on T*C. We want to describe the restriction of (^d^t: Vdct) 
to y. 

Because of the equivalence Pp-mod ^ 2?T*c,e-inod, the gerbe Qg also classifies 
the irreducible modules over T>t*c,0- Therefore we can consider the universal ob- 
ject: this is a coherent sheaf on ^ x T*C with connection in the T*C-direction and 
with support given by .y x^pt^ii) T*C . Now if we apply the relative Frobenius twist 
over to this sheaf, the resulting sheaf on x T*C'^'^^ will have connection along 
both factors. So we get a 2?-module on x T*C^^^ supported on the Frobenius 
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neighborhood of the "diagonal" or, more precisely, of the graph of w: ^ — s> T*C'^^\ 
The restriction of this P-module to the graph itself is a line bundle on ^ with 
connection which we will denote by (£univ, Vuniv)- 

Proposition 29. There is a canonical isomorphism of line bundles with connec- 
tions on J^/ 
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